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Abstract 

In this paper we examine the behavior of hfts of Brauer characters in solvable 
groups. In the main result, we show that if 99 G IBrp(G) is a Brauer character 
of a solvable group such that ip has an abelian vertex subgroup Q, then the 
number of lifts of (p in Irr(G) is at most \Q\. In order to accomplish this, 
we develop several results about lifts of Brauer characters in solvable groups 
that were previously only known to be true in the case of groups of odd order. 
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1. Introduction 



Let G be a group, and let p be a prime. We write IBrp(G') for the set of 
^ . irreducible p-Brauer characters of G. Let G° be the p-regular elements of G. 

If X is a character of G, then we use x° to denote the restriction of x to G°. 
Given a p-Brauer character ip G IBrp(G), we say that x ^ Irr(G) is a lift of ip 
if x° = V'- When G is p-solvable, the Fong-Swan theorem shows that cp has 
a lift. Much of the study of lifts has focused on particular canonical sets of 
lifts 16]. The first author has initiated a study of all lifts of ip. For example, 
when |G| is odd, he has shown that the number of lifts of ip can be bounded 
in terms of a vertex subgroup for ip. 
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In a p-solvable group, we say Q is a vertex for ip if there is a subgroup U 
of G so that !f is induced from a p-BiaueT character of U having p'-degree 
and Q is a Sylow p-subgroup of U. It is known pjj] that all of the vertices 
for if are conjugate in G. In [l[, the first author showed that if |G| is odd 
and Q is a vertex for ip, then the number of lifts of ip is at most \Q : Q'\. 

In this paper, we wish to remove the hypothesis that \G\is odd. However, 
we do need an oddness hypothesis for our work, and so, we assume that G is 
p-solvable where p is an odd prime. We will present an example that justifies 
this oddness hypothesis. Also, at this time, we need to add the hypothesis 
that Q be abelian. We do not have any examples justifying this hypothesis, 
and in fact, we would not be surprised if this can be removed. We will 
discuss one possible way to remove this hypothesis. In particular, we prove 
the following. 

Theorem 1. Let G be a p-solvable group and let p be an odd prime. If 
if G IBrp(G') has abelian vertex subgroup Q, then the number of lifts of ip is 
at most \Q\. 

To prove this theorem, we consider the generalized vertices defined by in 
[2(]. To do this, we need the theory of p-factored characters (see [6|] for much 
more on factored characters). A character is p-factored if it is the product 
of a p-special character and a p'-special character. Let x ^ Irr(G). Then 
{Q, S) is a generalized vertex for x if there is a subgroup U with a p-factored 
character ip G Irr(f/) and Sylow p-subgroup Q of f/ so that ip'-' = x and 6 is 
the restriction to Q of the p-special factor of ip. 

In general, there is little that one can say about the set of generalized 
vertices for a character x ^ Irr(G). However, when IG] is odd and x is a lift 
of a Brauer character with generalized vertex {Q, 6), the first author proved 
in [2| that S is linear and all the generalized vertices for x are all conjugate 
to {Q,5). 

Again, we are interested in this paper in removing the hypothesis that 
|G| is odd. Again, we will need to replace these with the hypotheses that 
G is p-solvable and p is odd (though we do not require here that the vertex 
subgroup Q is abelian). First, we use a theorem of Navarro [21] to see that 
under these hypotheses, if x is the lift of a Brauer character with vertex 
{Q,6), then S is linear. With this result in hand, we are able to prove the 
following. 



Theorem 2. Let G be a p-solvable group, and let p be an odd prime. If 
X G Irr(G') is the lift of a p-Brauer character, then all of the generalized 
vertices for x O'l"^ conjugate. 

For a subgroup Q '^ G and a character S of Q, we wiU let Ng{Q,S) 
denote the stabihzer of 6 in Ng'(Q). The key step in proving Theorem [T] is 
the foUowing theorem where the number of lifts that have {Q, 6) is bounded. 
A version of this theorem was also the key step in proving the upper bound 
on the number of lifts in the case that G has odd order in |l|. Our approach 
in this paper to prove this theorem is very different from the approach used 
in El. 



Theorem 3. Let G be a p-solvable group, and letp be an odd prime. Suppose 
if G IBrp(G) has an abelian vertex subgroup Q. If 6 G Itt{Q), then the number 
of lifts of if having generalized vertex {Q,S) is at most |Ng(<5) : Ng((5,5)|. 

We note that if p = 2, one can find in GL2(3) a lift of a Brauer character 
whose vertex is not linear. 

2. Generalized vertices 

Rather than work with Brauer characters, we work in the context of 
Isaacs' partial characters. Hence, we will have a set of primes vr. To define 
the TT-partial characters, one needs to assume that G is vr-separable. As in 
the context of Brauer characters, we let G" denote the set of vr-elements in 
G. Given an ordinary character x? we use x° to denote the restriction of x 
to G°. The TT-partial characters of G are the functions defined on G° that 
are restrictions of ordinary characters. The vr-partial characters that cannot 
be written as the sum of two other partial characters are called irreducible. 
We use ln{G) to denote the irreducible TT-partial characters of G. For a full 
exposition on vr-partial characters, we refer the reader to |6|] and |9|. 

The irreducible vr-partial characters of G have many properties in common 
with the irreducible Brauer characters of a p-solvable group. In fact, if vr = p', 
then I^(G) = IBrp(G), and the requirement that p is odd is equivalent to 
2 G vr. Therefore, we have the assumption that 2 G vr. For example, we can 
define induction of partial characters from subgroups. Given an irreducible 
TT-partial character ip of G, we can define a vertex Q for ys to be a Hall vr'- 
subgroup of a subgroup U that contains a vr-partial character k, of vr-degree 
that induces </?. Isaaacs and Navarro have proved in [12!] that all of the 



vertices for y9 are conjugate in G. (A different proof of this fact is in |11|.) 
There also exists a Chfford correspondence for vr-partial characters. If G is 
TT-separable and N <\G and 9 G Ivr(A^), then induction is a bijection from the 
set l^{Ge I e) to I^(G | 6) (see 0). 

We also need to consider vr-special characters. Let G be a vr-separable 
group. A character x ^ IrrG is 7r-special if x(l) is a vr-number and for every 
subnormal group M of G, the irreducible constituents of xm have vr-order. 
Many of the basic results of vr-special characters can be found in Section 40 of 
[^ and Chapter VI of ^] . One result that is proved is that if a is vr-special 
and /3 is vr'-special, then a/3 is necessarily irreducible. Furthermore, if a' is 
vr-special and /?' is vr-special so that a'/3' = a/3, then a' = a and /3' = /3. We 
say that x is vr-factored (or factored, if the vr is clear from context) if x = otP- 
Another result is that if if is a Hall vr-subgroup of G, then restriction defines 
an injection from the vr-special characters of G into Irr(if). 

Following the terminology introduced in |2|], we say (Q, 5) is a generalized 
TT-vertex for x ^ Irr(G) if there exists a pair {U^ip) (where U (^ G and 
tp G Irr(f/)) so that ip'^ = x? Q is a Hall vr-complement oi U, ip = a/3 where 
a is vr-special and /3 is vr'-special, and (3q = 6. In this context, we say that 
{U, ip) is a generalized ii-nucleus for x- 

In |2|, the first author proved that if |G| is odd and x ^ Irr(G) with 
X° G l7r(G), then the generalized vr- vertices for x are conjugate. We now 
show that the hypothesis that |G| is odd can be replaced by the hypothesis 
that G is vr-separable and 2 G vr. Our argument will parallel the argument 
in i. 



The main result, which is the vr- version of Theorem [2] is the following. 

Theorem 2.1. Let it be a set of primes with 2 G vr, and let G be a n -separable 
group. If X ^ Irr(G) with x° £ ^it{G), then all the generalized n-vertices for 
X are conjugate. 

The key to our work is a recent result of Navarro. Replacing p by a set 



of primes vr with 2 G vr, the proof of Lemma 2.1 of [16| proves 



Lemma 2.2. Let n be a set of primes with 2 G vr, and let G be a n -separable 
group. Let x ^ Irr(G) he tt' -special. If x{^) > 1, then x° is not in l7r(G). 



For the remainder of this section, our work will parallel the work in [2| . 
The following should be compared with Lemma 2.3 of [2]. 



Lemma 2.3. Let it be a set of primes with 2 G vr, and let G be a it -separable 
group. Let x ^ Irr(G') with x° ^ ^tt{G). If U < G and ip G Itt{U) is a 
n-factored character that induces x, then the n' -special factor of tp is linear. 
Moreover, if Q is a Hall ir- complement ofU, then Q is a vertex subgroup of 

Proof. Note that since x° ^ IttI^), and ip"^ = x, then ip" G l7r(^). Since ip 
is vr-factored, we have ip = aP where a is vr-special and /3 is 7r'-speciaL It 
follows that (3° G I^(f/). By Lemma EJl f3{Vj_= 1. It follows that ip has 
vr-degree and ip" G l-n-iU). By Theorem B of [l2|, Q is a vertex subgroup of 
X°. D 

The next lemma is similar to Lemma 3.1 of [2]. 

Lemma 2.4. Let tt be a set of primes with 2 G vr, and let G be a tt -separable 
group. Let x ^ Irr(G') with x = otP where a is tt -special and /3 is linear 
and Ti' -special. Suppose ip G \ii{U) is ir-factored and induces x- U ^ ^■^ the 
tt' -special factor ofip, then [5u = 6. 

Proof Note that a = a/?/?"^ = x/?"^ It follows that (ipP'^lu'f = ip^ P~^ = 
X/3~^ = a. Since a is vr-special, we may use Theorem C of [7|] to see that 
ipP~^\u is TT-special. We can write ip = ^6 where 7 is vr-special. Now, 
Y = Ip" = {iplS-^luY, and so, 7 = ^/^'V = 7^/3" V- It follows that 
Sf3~^\u = ![/, and hence, 6 = Pu- □ 
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The next result should be compared with Lemma 3.2 of [2|. Let tt be a set 
of primes with 2 G vr and G is vr-separable. We will need the basic properties 
of the set B^(G) C Irr(G') introduced in |6|. In particular, we need to know 
that restriction to G" gives a bijection from B^(G) to l-,t{G) and that the 
TT-special characters of G are precisely the characters of 7r-degree in B^((^ 
We will also use the magic field automorphism that was described in 
We write a to denote the magic field automorphism. Let x ^ Irr(G'). In 
it is proved that x ^ B^(G') if and only if x'^ = x and x° ^ ^TriG). 

Lemma 2.5. Let tt be a set of primes with 2 E tt, and let G be a tt -separable 
group with subgroup U. Suppose x ^ Irr(G') satisfies xf ^ \{G). Assume 
Ip G Irr(f/) is n-factored so that x = i^^ ■ Suppose \G : U\ is a n-number and 
the tt' -special factor of tp extends to G. Then x is TT-factored. 

We will use the notation /3' to denote the restriction of an ordinary char- 
acter /3 of G to the Tr'-elements of G. 



Proof. Let ip = otP where a is vr-special and /3 is vr'-special. Let ip = (3' & 
lT,r{U). Let T] G Irr(G) be an extension of (3. Now, (V)i/ = iVuY = P' ^ 
I^/(f/). It follows that 7]' e ln'{G). Let 6 e B^/(G) so that 6' = r]'. Observe 
that (5(1) = ri{l) = /3(1) is a vr'-number, and so 6 is vr'-special. Also, (Su)' = /3' 
implies that 6u € Irr([/). By Theorem A of |7|, (5(7 is Tr'-special. This implies 
that 61/ = (3. 

We now have x = 4''^ = (o^/^)*^ = a'-^S. This implies that a^ G Irr(G). 
Notice that {a^f = (a^f = a^ . Also, x° = {a^^Y = {a^YS" G I^(G), and 
so, {a'-^y G IttIG). It follows that a'^ is vr-special. We conclude that x is 
TT-factored. D 



The next result is similar to Corollary 3.3 of [2| 

Lemma 2.6. Let tt be a set of primes with 2 G vr, and let G be a it -separable 
group. Let x ^ Irr(G) be it -factored and have it -degree. Let N be a normal 
subgroup of G and suppose 9 G Irr(A^) is a constituent of Xn- Let T be the 
stabilizer of 6 in G. If ip E Irr(T | 9) is the Clifford correspondent for x with 
respect to 9, then ip is ir-factored. 

Proof. Observe that 9 is vr-factored. We can write x = 1^ ^^^ ^ = ^^P where 
7 and a are vr-special and 6 and (3 are vr'-special. Since x has vr-degree, 
(5(1) = 1 and thus, 6n = P- It follows that T is the stabilizer of a in G. 
We take /j, G Irr(T | a) to be the Clifford correspondent for 7 with respect 
to a. We have 7(1) = \G : T|/i(l), and thus, /x(l) is a vr-number. Observe 
that {fi°)'^ = {fi'^y = 7° G I^(G) and thus, fi° G I^(T). Since a'' = a, we 
have /i'^ G Irr(T | a). Since (/x'^)'^ = {fi'^Y = fJ''^, it follows that yU°" = /x, 
and we conclude that /i is vr-special. Because S is linear and vr'-special, 6t 
is vr'-special. We see that (/x^t)*^ = Ai'^'5 = 'y6 = x- Also, {fiST)N = fJ'N^N, 
and so, q;/3 = 6* is a constituent of {fJ.ST)N- We obtain /x(5t G Irr(T | 9). 
Since (/i^t)*^ = X = V''^; we can use the Clifford correspondence to see that 
ip = ii6t- Therefore, ip is vr-factored. D 

Since the proof of the next lemma is essentially the proof of Lemma 3.4 of 
[2I where Lemma 12^3] is used in place of Lemma 2.3 of J2|, we do not include 
it here. 

Lemma 2.7. Let tt be a set of primes with 2 E Tt, and let G be a ti -separable 
group. Let x G Irr(G) be a lift of ip E 1t^{G), and suppose N is normal in 
G such that the constituents of xn o^^e Tc-factored. Suppose ip G Irr(?7) is 
Tc -factored, and suppose ip^ = x- Then \NU ■.U\ is a Tc-number. 



This next lemma is similar to Lemma 3.5 of [2[. 

Lemma 2.8. Let n be a set of primes with 2 G tt, and let G be a it -separable 
group. Let x ^ Irr(G) be a lift of ip E l7r(G). Suppose ip is a t: -factored 
character of some subgroup H of G that induces x, and suppose there is 
a normal subgroup N of G such that the constituents of xn cif^ ti -factored 
and G = NH. Then x is n-factored and the n' -special factor of x restricts 
irreducibly to the tc' -special factor ofil^. 

Proof. Notice that the second conclusion follows from the first conclusion by 
Lemma 12.41 We assume the first conclusion is not true, and we take G, N, 
and H to he a counterexample with \G : H\ -\- \N\ minimal. 

By Lemma [2. 3[ the vr'-special factor of ip is linear, so ip{l) is a vr-number. 
Applying Lemma [2. 7[ we see that \G : H\ = \HN : A^| is a vr-number. Since 
x(l) = \G : H\ip{l), we see that x has vr-degree. 

Choose K normal in G so that N/K is a chief factor for G. Notice that 
the irreducible constituents of xk are vr-factored. If G = HK, then G, K, 
and H form a counterexample with IGiiJl + li^l < |G:if| + |A^| violating 
the choice of minimal counterexample. Thus, we have HK < G. 

Notice that G = NH = N{HK). Notice that ^^^ E Itt{HK) will be 
a lift of a partial character in \t^{HK). Also, the irreducible constituents of 
{4'^^)k are constituents of xk, and thus must be factored, li H < HK, 
then \HK : H\ + \K\ < \G : H\ + \N\, and so HK, K, and H cannot form 
a counterexample. Thus, ip^^ must be factored and induce x- Also, \G : 
HK\ + |A^| < \G : H\-\- \N\, so G, HK, and N do not form a counterexample. 
We conclude that x is 7r-factored, a contradiction. This implies that H = 
HK. 

We have K < H. Let rj be an irreducible constituent of ipx- Notice that 
77^ has an irreducible constituent 6 which is a constituent of xn, so 6 and 77 
are both vr-factored. Since x has vr-degree, 6 has a linear vr'-special factor. If 
u is the vr'-special factor of 77, then z/ extends to both the vr'-special factor of 
6 and the vr'-special factor of ip. This implies that u is invariant in both A^ 
and H. Since G = NH, we conclude that z/ is G-invariant. 

Note that \N : K\ divides the vr-number \G : H\ and thus |A^ : K\ is 
a vr-number. Let z> be the unique vr'-special extension of u to A^, and since 
u is G-invariant so is z>. We can now apply Corollary 4.2 of p to see that 
restriction defines a bijection from Irr(G | u) to 1tt{H \ vnc^h)- Observe 
that the vr'-special factor of ip will belong to Irr(if | VNnH) since VMnH is the 
unique vr'-special extension oi v to N r\H . It follows that the vr'-special factor 



of ip extends to G, and applying Lemma 1^31 we conclude that x is factored, 
as desired. D 



We make use of the normal nucleus constructed by Navarro in [15| . We 
quickly summarize this construction. Fix a character x ^ Irr(G). Navarro 
shows that there is a unique subgroup A^ that is maximal subject to being 
normal in G and the irreducible constituents of xn are vr-factored. li N = G, 
then take (G, x) to be the normal nucleus of x- If A^ < G, let 6 be an 
irreducible constituent of xn- Navarro shows that 9 is not G-invariant. Then 
we let xe G Ii'r(G6) | 6) be the Clifford correspondent for x with respect 
to (see Theorem 6.11 of [5] or Theorem 19.6 (d) of j^). We define the 
normal nucleus for x to be the normal nucleus of xe which can be computed 
inductively since Gg < G. It can be easily seen that all of the normal nuclei 
for X are conjugate. 

The proof of Theorem 12. II is essentially the proof Theorem 4.1 of [2[], and 
thus we do not include it here in full detail. However, we do provide a brief 
sketch of the proof. The goal is to show that if {U, ip) is any generalized vr- 
nucleus of x, then the generalized vr-vertex of x defined by (f/, ip) is conjugate 
to a vertex for x arising from a normal nucleus. Lemmas 12.31 and 12.41 allow 
us to assume that x is not factorable. Let A^ <l G be maximal so that the 
constituents of xn are factorable. By Lemma fI77\ we see that \NU : U\ is 
a TT-number, and thus Lemma 12.81 allows us to replace the pair [U, ip) with 
{NUjip'^^), and thus we may assume N OU. Letting ^ be a constituent of 
ipN, we use Lemma I2T6] and Lemma [2^^ to replace (f/, ip) with the pair {Ug, ^), 
where ^ is the Clifford correspondent for ip in lTr{Ug\6). We finish by applying 
the inductive hypothesis to the group Gg and the Clifford correspondent for 
X lying over 6, which by definition has a normal nucleus in common with x- 



With Theorem 12. H we can prove analogs of the results in |3[^when 2 e tt. 
For example, this next result is the analog of Theorem 1.1 of [3]. The proof 
of this next result is essentially identical to the proof of Theorem 1.1 of J3|. 

Lemma 2.9. Suppose G is it -separable and 2 G vr. Let x £ Irr(G) sat- 
isfy X° ^ l7r(G). If N is a normal subgroup of G and ip is an irreducible 
constituent of xn, then there is a generalized vertex {Q, 6) for x so that 
{Q n A^, (^QnAf) is a generalized vertex for %p. 



3. Lifts 

Throughout, G is a vr-separable group and vr is a set of primes with 2 G vr. 
We will also use L^ and L^{Q, 6) to denote the set of lifts of </) G l7r(G') and 
the set of lifts of v? G ^niG) with generalized vertex {Q,S), respectively. 

In this section, we prove several results about lifts with a specified gen- 
eralized vertex. In this first lemma, we characterize the factors when such 
a character has a restriction to a normal subgroup whose irreducible con- 
stituents are vr-factored. 

Lemma 3.1. Suppose G is a it -separable group with 2 G vr. Let x £ Irr(G') 
with x" £ ^tt{G) and let [Q, 5) be a generalized vertex for x° ■ If N is a normal 
subgroup ofG such thatxN has ir-factored irreducible constituents, then QClN 
is a Hall ii-complement of N, and there exists a n-special character a and 
a it' -special character P in Irr(A^) so that a/3 is a constituent of xn, oi° is a 
constituent of {x°)n, and ^QnN = Sqhn- 

Proof. Let V be the subgroup of a normal nucleus pair that has (Q, 6) as a 
normal vertex. We know that V contains the largest normal subgroup of G 
where the restriction of x has vr-factored constituents, so iV < V^. Since Q is 
a Hall TT-complement of V, it follows that Q (1 N is a. Hall 7r-complement of 
N. 

We have 7e G Ity(V) where ('fe)^ = x and 7 is vr-special and e is n'- 
special. We know that eg = S. This implies that e is linear since S is linear 
by Lemma 12.31 Let a be an irreducible constituent of •jn, and observe that 
/3 = eAT is irreducible. It follows that a/3 is a constituent of xn- Since 
2 G vr, we see that (3° = In, and so, a° is a constituent of x°- Finally, 
PgnN = {^N)QnN = {^Q)QnN = ^QnN- □ 

This next lemma is related to both Proposition 2.7 and Corollary 2.8 of 



Lemma 3.2. Let G be a ir-separable group and suppose that N is normal 
in G so that G/N is a n-group. Let v G Irr(A^) so that v = a/3 where a is 
IT -special and /3 is tt' -special. Then the following are equivalent. 

1. 13 is G -invariant. 

2. All irreducible constituents of v^ are ir-factored. 

3. Some irreducible constituent of v'^ is n-factored. 



Proof. Suppose first that f3 is G-invariant. We know that all irreducible 
constituents of a'^ are vr-special. Since \G : N\ is a vr-number, /3 is vr'-special, 
and P is G-invariant, we see that /3 has a vr'-special extension /3 G Irr(G). 
We know that u'-' = {a (3)'^ = a'^(3. We conclude that all the irreducible 
constituents of z/*^ are the products of irreducible constituents of a'^ with ^ 
and thus they are vr-factored. 

Obviously, if all irreducible constituents of u^ are vr-factored, then some 
irreducible constituent of z/*^ is vr-factored. 

Suppose some irreducible constituent of z/'^ is vr-factored. Let 7^ be an 
irreducible factored constituent of z/'^ where 7 is vr-special and 6 is vr'-special. 
The irreducible constituents of 7Ar are vr-special, and 6n G Irr(A^) is vr'-special. 
Hence, the constituents of {'yS)^ = 'Jn^n are vr-factored. By Frobenius reci- 
procity, u = a (3 is a constituent of '^nSn- By the uniqueness of factorization, 
we conclude that 6n = (3, and (3 is G-invariant. D 

This next result shows that if one character in L^{Q, 5) has a restriction 
to a normal subgroup whose irreducible constituents are factored, then all 
characters in the set L^p{Q, 5) have that property. We will not explicitly need 
this fact, but implicitly, we feel that it justifies the inclusion in Lemmas 14.11 
and 14.21 of the hypothesis that the characters in L^{Q,6) have vr-factored 
constituents when restricted to a normal subgroup N. 

Lemma 3.3. Let G be a n-separable group, and assume 2 G vr. Let if G l7r(G) 
have vertex Q. Suppose that x?"^ ^ L^{Q,6). If N is a normal subgroup of 
G, then xn has ir-factored irreducible constituents if and only ifipN has vr- 
factored irreducible constituents. 

Proof. Since the hypotheses in x and ip are symmetric, it suffices to show 
that if the irreducible constituents of xn are vr-factored, then the irreducible 
constituents oiip^ are vr-factored. Let L be maximal subject to the conditions 
that L is normal in G, L < A^, and the constituents of ipL are vr-factored. 

If L = A^, then the result holds. Hence, we assume that L < N, and 
we find a contradiction. Observe that xl will have vr-factored irreducible 
constituents. By Lemma 13.11 xl has ai/3i and xjjl has 0:2/32 as irreducible 
constituents where the Oj are vr-special and a° are constituents of ipi and the 
I3i are vr'-special with /^jlgnAf = ^QnN- Since QflA^ is a Hall vr-complement of 
A^, we know that restriction is an injection from the vr'-special characters of 
A^ into Irr(Q fl A^). It follows that Pi = ^2- We will write /3 for /3j from now 
on. Observe that a° and 02 are G-conjugate, so ai and 02 are G-conjugate. 

10 



Let L < M < N he chosen so that M is normal in G and M/L is 
a chief factor for G. We know that M/L is either a vr-group or a vr'-group. 
Also, some irreducible constituent of xm niust be an irreducible constituent of 
(ai/S)^"^. Since the irreducible constituents of XAf are 7r-factored, we conclude 
that some irreducible constituent of (ai/3)*^ is vr-factored. If M/L is a vr- 
group, then Lemma [3.21 implies that /3 is M-invariant. Applying Lemma [3.21 
again, we see that all the irreducible constituents of (q;2/3)'^ are vr-factored. 
Since some irreducible constituent of ipM is a constituent of {a2(3)^^ , we 
conclude that ipM has vr-factored irreducible constituents, and this violates 
the maximality of L. 

Thus we may assume that M/L is a vr'-group. By Lemma 13. 2[ ai is M- 
invariant. We know that there exists g & G so that 02 = af- So ai(3^ is 
G-conjugate to 02/3. By Lemma[3]2], the irreducible constituents of (q;i/3^ )^ 
are all vr-factored. Observe that ipM niust share an irreducible constituent 
with (ai/3^ )'^'-' , and so, the irreducible constituents of V'm are vr-factored and 
this violates the maximality of L. This contradiction proves the result. D 

We will not use this next corollary in this paper, but we think it is inter- 
esting in its own right. 

Corollary 3.4. Let G be a TT-separable group with 2 G vr. Let ip G l7r(G') 
have vertex Q. If x^i' ^ LipiQ^^), then ker(x) = ker(^). 

Proof. Given the symmetry between x and ip, it suffices to prove that ker(x) < 
ker(^). Let K = ker(x). Since the irreducible constituents of xk are Ik, the 
irreducible constituents of xk are vr-factored. By Lemma [331 the irreducible 
constituents of ipx are vr-factored. Observe that 1^ is the irreducible con- 
stituent of (pK and IgnK = ^QnK- By Lemma IXTl we know that ipK has an 
irreducible constituent a/3 where a is vr-special and a° is a constituent of ipx 
and f3 is vr'-special and /3Qr,K = Sqhk- It follows that a° = 1^ which implies 
that a = Ik and /^qdk = ^QnK which implies that /3 = Ik- We conclude 
that Ik is a constituent of ipK and thus K < kei^ip)- D 

4. Counting Lifts 

We now work to prove that if G is a solvable group and vr is a set of 
primes with 2 G vr, then the number of lifts of a character ip G l7r(G') with 
ahelian vertex subgroup Q is bounded above by \Q\. When Q is contained in 
0^^/(G'), we prove that the number of lifts of ip is at most \Q : Q'\. 
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Our argument is essentially an inductive argument. In this next result, 
we consider one of the cases that arises. 

Lemma 4.1. Let G be a it -separable group, and assume 2 G tt. Suppose 
If G l7r(G') has vertex subgroup Q, and N is normal in G with a G l7r(A^) a 
constituent of ip^ such that the Clifford correspondent ^ of ip in l-niGa \ ot) 
has vertex subgroup Q, and write T = Ga- Fix a character 6 G Irr(Q). 
Let 61,62, ■■■ ,Sk denote a set of representatives of the ^t{Q) orbits of the 
action ofN^iQ) on the Ng(Q) orbit containing 6. Suppose the characters in 
Lip{Q,6) have ir-factored constituents when restricted to N. Then induction 
is a bijection from [jL^{Q,6i) to L^{Q,6). 

Proof. Using the Clifford correspondence for vr-partial characters, we know 
that ^^ = <^. If ^ G [jL^{g,6i), then {O^f = {e°f = (0^ = V- Thus, 
induction is a map from [jL^{Q,6i) to L^. Since 9 G L^{Q,6i), it follows 
from Theorem 12. It hat 0^ has vertex {Q,6i), which is G-conjugate to {Q,6), 
and thus, induction is a map from |J L^{Q, 6i) to L^{Q, 6). 

To see that induction is surjective, suppose x ^ L^{Q,6). By Lemma 
13.11 xn has an irreducible constituent 7/? where 7 is vr-special and (3 is vr'- 
special and 7 lifts a. Thus, x is induced irreducibly from some character 
u G Irr(G-y/3 I 7/3), and note that G^/? C Ga and u° must induce to ^. Let 
fi = u'^, so fi° = ^, and /i*^ = x- Applying Theorem 12.11 ft has a vertex that 
is G-conjugate to {Q, 6), so /i has a vertex that is T-conjugate to one of the 
{Q,6i). Thus, /i G [jL^{Q,6i) for some character 6i. 

Finally, we show that induction is injective. Suppose we have /ii,/i2 G 
[jL^{Q, 6i) with yuf = /i^. Let X = f^i = t^2 ■ Notice that {jjfpjN = ^n = ea 
for some integer e. Let 7 be vr-special and lift a. By Lemma [3TTI we can find 
vr'-special characters /3i and (32 so that 7/3j is a constituent of {^Ij)n- Notice 
that this implies that 7/?! and 7/^2 are both constituents of xn- It follows 
that there exists (7 G G so that (7/32)^ = iPi- This implies that 7^ = 7 
and /3| = /3i. It follows that a^ = a and thus g & T. This implies that 
7/3i is a constituent of {^12)n- We can find uji,uj2 G Irr(G^^^ | 7/3i) so that 
cuj = /ij. We now have (wj)"-^ = x, and since Chfford induction is a bijection, 
we conclude that uji = U2 and thus fii = fi2- n 

We will not actually need that the induction map in Lemma [4. H is injec- 
tive, only that it is surjective. The fact that the map is injective implies that 
the union [jL^{Q,6i)^ is disjoint, though again, we do not need that. The 
next lemma also considers a case that arises in the inductive argument. 
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Lemma 4.2. Let G be a ir-separable group, and assume 2 G vr. Suppose 
If G l7r(G') has vertex subgroup Q, and N is normal in G so that ipi^ is 
homogeneous. Let {Q,6) be a generalized vertex for a lift of ip. Suppose 
the characters in L^{Q, 6) have n -factored constituents when restricted to N. 
Write /3 G Irr(A^) for the ii' -special character so that (3Qr]N = ^QnN- Let T be 
the stabilizer of P in G. Let (i, . . . ,(1^ be the distinct n-partial characters in 
lTr{T) that induce ip and have Q as a vertex. Then induction is a bijection 
from\jLQ{Q,6) to L^{Q,6). 

Proof. Let a be the vr-special character in Irr(A^) so that a" is the unique 
irreducible constituent of ipN. Observe that a° will be the unique irreducible 
constituent of {Qn for all i. Suppose 9 G L^^{Q,6). Then {9^)° = (9°)^ = 
((^j)*^ = (fi, and thus, 9'^ G L^. Note that {Q, 6) will be a generalized vertex 
of 9'-^, and so, induction is a map from [J L^.{Q, 6) to L^{Q, 6). 

Suppose X ^ L^{Q,5). By Lemma IXT| we see that a/3 is an irreducible 
constituent of xn- Observe that a is G-invariant, since a" is G-invariant. 
Thus, T is the stabilizer of a/3 in G. We can find 9 G Irr(T | a/3) so that 
9^ = X- Since {9")^ = (9^)" = x° = <^, it follows that 9 G Irr(T) is a lift of 
a character in IniT) that induces ip. 

Let {Q*,6*) be a generalized vertex for 9. By Lemma f3.lt we know that 
9n has an irreducible constituent a/3* where /3* is vr'-special in Irr(A^) so that 
W*)Q*nN = ^Q*nN- Observe that a/3 is the unique irreducible constituent of 
9n- Hence, we have a/3 = a/3*. The uniqueness of factorization implies that 
/3 = /3*. 

Since {Q, 6) and {Q*, 6*) are both generalized vertices for x, "we may apply 
Theorem [^m to find an element g e G,so that (Q*, 6*) = {Q, 6)^. We see that 
Pqar^N — ^QanN = PqsnN- By Lemma 13. ![ Q^ fl A^ is a Hall vr-complement 
of A^. We know that restriction is an injection from the vr'-special characters 
of A^ to Irr(Q5 n A^). We conclude that ^» = /3. It follows that g eT, and 
hence, Q < T, and {Q, 6) is a generalized vertex for 9. Notice that Q is now 
a vertex for 9°, and so, 9° = Q for some i. It follows that induction is a 
surjective map from |JL^. (Q,(5) onto L^{Q,6). 

Finally, notice that by Lemma 13.1 1 the elements of \^Lq{Q,6) all lie in 
Irr(T I aP). We now apply Clifford's theorem to see the map is injective. D 

We now state and prove the result that forms the main part of our argu- 
ment. In particular, we find a bound on the number of lifts of (p that have 
generalized vertex {Q,S). 
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Theorem 4.3. Assume G is a n-separable group and 2 G tt. Suppose that 
if G Itt{G) has vertex subgroup Q, and let 6 G Itt{Q). Assume either Q is 
ahelian or Q < 0^^'{G). Then \L^{Q,6)\ < I'NciQ) ■ Ng(Q,5)|. 

Proof. We work by induction on IGI. If L^{Q, 6) is empty, then the resuh is 
trivial. Thus, we assume that L^{Q,6) is nonempty. 

Let N be any normal subgroup of G so that the restrictions of characters 
in L^{Q, 5) to N have vr-factored irreducible constituents. Choose 77 G l7r(^) 
such that 77 is a constituent of ifjq. 

\i G = N , then the characters in L^{Q,6) are vr- factored with linear vr'- 
special factor. Let 6 be 7r-special in Irr(G) so that 6° = rj = ip. Notice that 6 
must be the vr-special factor of the characters in Lip{Q, 6). Also, Q is a Hall 
vr-complement of G, and so there is a unique vr'-special extension /3 G Irr(G) 
of 6. We conclude that 9(3 is the only character in L^{Q,6), and the result 
holds. 

Suppose now that N < G. We can find a Clifford correspondent ^ of (/? 
in IniGrj I rj) that has vertex subgroup Q. Write T = G^, and note that N 
and rj satisfy the conditions of Lemma 14.11 Assume that T < G. By Lemma 
14. H we see that L^[Q., <^) = U ^iiQy ^i)^ -i ^^'^ thus 

k k k 

i=l j=l j=l 

where the last inequality follows by induction. 

However, |Nt'((5) : Nr(Q,5j)| is precisely the orbit size of the Nr(Q) 
orbit containing 6i in the action of Nr(Q) on the Ng{Q) orbit containing 6. 
Thus, the sum 

k 

J2\^t{Q):^t{Q,S,)\ 

i=l 

is precisely |Ng'(Q) : Ng(Q,5)|, and we are done. We may assume that rj is 
invariant in G. 

Now, if we consider 0.,^{G), then it is trivial to see that the restrictions to 
Ott{G) of characters in L^{Q,S) are vr-factored. Let M = 0.„.„i{G), and let 
P be a Hall vr'-subgroup of M, so that M = PO^(G). Let a G Irr(0^(G')) = 
I^(0^(G)) be a constituent of v^o^(G)- Using the previous paragraph with 
A^ = Ot^{G) and 77 = a, we may assume that a is G-invariant. Thus, the 
constituents of a^ are vr-factored by Lemma 13. 2[ Applying Lemma 13.11 we 
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may assume that P = QHM. If Q is abelian, we see that QOt,{G)/Ot,{G) C 
CG/o^(G)(^/07r(G)) C M/Ot,{G), where the last containment is by Hall- 
Higman's Lemma 1.2.3, and thus Q < M. Thus, in all cases, Q < M, and 
this implies that P = Q. 

Notice that a Frattini argument shows that G = MNg'(-P). Let a be the 
unique vr-special extension of a to M, and note that since a is invariant in 
G, then a is invariant in G. Let 6 be the unique vr'-special extension of S 
to M. We set / = G^. Assume that I < G. Let (i, (2, ■ ■ ■ ,Cm denote the 
characters of l7r(/) with vertex Q that induce irreducibly to ip. Note that 
m< |G:/| = |NG(g):N,(g)|. 

m 

By Lemma 1421 induction is a bijection from \\Lq{Q,5) to L^{Q,5). 

Therefore, by the inductive hypothesis (since we are assuming that I < G) 
we see that 

m m 

\L^{Q,5)\ = J2 \kAQ,S)\ < Yl |N^(^) • N/(Q,<^)| = m\Nj{Q) : Nj{Q,6)\. 

i=l i=l 

Now, clearly N/fQ, 5) C Ng'((5, 5). Also, if x G G normalizes Q and stabilizes 
5, then x fixes 6 and therefore x fixes a6 (recall a is invariant in G), and 
thus a; G /. Thus Ng(Q, 5) = N7(Q, 6). 
The above inequality becomes 

\L^{Q.6)\<m\Ni{Q):^G{Q.5)\ 
and since m < |Ng((5) : N/(Q)|, we obtain 

\L^{Q.5)\ < \Ng{Q) : N,(Q)||N,(Q) : Ng(Q,<5)| = \Ng{Q) : Ng(Q,(5)| 

and we are done in the case that I < G. 

We may assume that S is invariant in G. Let L/M = Ot^{G/M). Note 
that since 5 is invariant in G, the constituents of (a^)^ are vr-factored. Also, 
5 extends to a unique vr'-special character 5* G Irr(L) that is also invariant in 
G. It follows that if X ^ L^{Q,6), then the constituents of xl are factorable. 
By Lemma [3.11 xl has an irreducible constituent a* 6* G Irr(L), where a* 
lies over a and is 7r-special. Taking L = iV in the above work, we see that 
a* is G-invariant. 

Let K/L = 0^/(G/L). Then a* and 5* are invariant in G, and thus there 
is a TT- factorable character in K lying over a* 6*. li K > L, this contradicts 
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the fact that (Q, S) is a vertex (because the vertex subgroup would be larger 
a K > L). Therefore K = L and Ot^i{G/L) is trivial, meaning G = L and 
every character in L^{Q, 6) is factorable, and we have seen that we are done 
in this case. D 

We may now easily prove our main result. 

Theorem 4.4. Assume G is n-separable and 2 G vr. Suppose that (f G IniG) 
has vertex subgroup Q where either Q is abelian or Q < Ot^t^i{G). Then 
\L^\<\Q:Q'\. 

Proof. Since G is vr-separable and 2 G tt. Lemma 1^751 implies that any vertex 
character of a lift of </) is a linear character of Q. Thus, if 6i,...,Sk are 
representatives of the Ng(Q) orbits of the linear characters of Q, then by 
Theorem 14. 3[ 

k k 

\L^\ = Y, \L^iQ,S^)\ < Yl \^g{Q) ■■ ^G{Q,Si)\ = \Q : Q'\. 

i=l i=l 

U 

We would hke to remove the hypothesis on Q. We now discuss one po- 
tential way to do this. Observe that in the proof of Theorem 14.31 we can 
take N to be maximal so that N is normal and the restrictions of characters 
in L^{Q, 6) have factored irreducible constituents. As in that proof, we may 
assume that r] is G- invariant where rj is an irreducible constituent of ip^- 
Let a be the vr-special character in N that lifts rj, and observe that a is G- 
invariant. Let (3 G Irr(iV) be the 7r'-special character so that (3QnN = ^QnN- 
If we could show that /5 has to be G-invariant, we could apply Lemma [3.21 
to see that N = G, and we would be done as in the third paragraph of that 
proof. 

If (3 is not G-invariant, we take / to be the stabilizer of P in G. Using the 
same argument as in that proof, we can show that \L^{Q,6)\ < m\lSij{Q) : 
Ng((5,5)| where m is the number of characters in I,r(-^) that have vertex Q 
and induce ip. If m < |Ng'(Q) : N/(Q)|, then the desired conclusion would 
follow. As we can see in the proof, we chose hypotheses on Q that guarantee 
that can find a subgroup / where this happens. However, we ask whether 
this happens for arbitrary /. In particular, if 99 G l7r(G) has vertex Q and / 
is a subgroup that contains Q, then is it true that the number of vr-partial 
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characters of / with vertex Q that induce y? is at most |Ng((5) : N/(Q1I? 
The second author has shown that this is true when |G| is odd or 2 ^ vr (l3| . 
but we have not been able to settle the question when 2 G vr. 
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